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This paper tries to probe the relation between the local
distinguishability of orthogonal quantum states and the distil-
lation of entanglement. An new interpretation for the distilla-
tion of entanglement and the distinguishability of orthogonal
quantum states in terms of information is given, respectively.
By constraining our discussion on a special protocol we give
a necessary and sufficient condition for the local distinguisha-
bility of the orthogonal pure states, and gain the maximal
yield of the distillable entanglement. It is shown that the in-
formation entropy, the locally distinguishability of quantum
states and the distillation of entanglement are closely related.
PACS: 03.65.Bz,89.70.+c, 03.65.-w
One of interesting topics in quantum mechanics is how
to distinguish a set of quantum states by local opera-
tions and classical communication (LOCC). Alice and
Bob share a quantum system, in one of a known set
of possible orthogonal states |Ψ1〉 , |Ψ2〉 , ..., |Ψi〉 , ..., |Ψn〉.
They do not, however, know particular state they actu-
ally possesses.. To distinguish these possible states they
should perform some sequence of LOCC. If these states
are not orthogonal to each other, they cannot be distin-
guished deterministically. Further more, if these states
are orthogonal to each other, when only a single copy is
provided, they still cannot be distinguished by LOCC ex-
cept for some special cases [1–3]. Some interesting works
on locally distinguishability of quantum states have been
presented [1–5]. For example, any three of the four Bell
states
∣∣Φ±〉 = 1√
2
(|00〉 ± |11〉) (1)
∣∣Ψ±〉 = 1√
2
(|01〉 ± |10〉)
cannot be distinguished by LOCC if only a single copy is
provided [2].
Another interesting topic in quantum mechanics is the
distillation of entanglement. Maximally entangled states
may have many applications in quantum information,
such as error correcting code [6], dense coding [7] and
teleportation [8], etc. In the laboratory, however, a max-
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imally entangled state always becomes a mixed state eas-
ily due to the interaction with environment. This results
in poor applications. The idea of the distillation of en-
tanglement is to get some maximally entangled states
by LOCC from many [9] or infinite copies of a mixed
state. A few of protocols for the distillation of entangle-
ment were given [6,10,11]. But what is the most efficient
distillation protocol and how to calculate the distillable
entanglement (the maximal value of entanglement gained
from per mixed state), ED, are still open questions.
All protocols for the distillation of entanglement have a
common feature: the distillable entanglement of a mixed
state is not bigger than the entanglement of formation of
the mixed state owing to the loss of information [12,13].
In essence, indistinguishability of a set of orthogonal
states is also owing to the loss of information. The trans-
formation of information plays an important role in both
the distillation of entanglement and the distinguishability
of orthogonal quantum states. In this sense, the distil-
lation of entanglement and the distinguishability of or-
thogonal quantum states should have some links. In this
paper, we try to probe this question. Closely related to
the present paper is the work of Vedral and Plenio et al
[14,15] who mentioned the link between the global dis-
tinguishability of quantum states and the distillation of
entanglement, and the work in Refs. [12,13] which dis-
cussed the relations of the classical information and the
entanglement. But these paper did not look at the notion
of local distinguishability.
In the asymptotic cases a protocol for the distillation
of entanglement is to get pure entangled states by LOCC
from n(n −→∞) copies of a mixed state σ,
σ =
m∑
i=1
λi |Φi〉 〈Φi| ,
m∑
i=1
λi = 1, (2)
where |Φi〉 s are the eigenstates of σ with nonzero eigen-
values λis. As shown in the paper by Bennett et al [10,16]
that σ⊗n has 2nS(σ) “likely” strings of orthogonal pure
states. Because what is the most efficient distillation
protocol and how to distinguish a general set of orthogo-
nal states are still open questions, we first constrain our
discussion on a special protocol (which we define as one
by one measurement in the following). Under the special
protocol we give the necessary and sufficient condition for
the distinguishability of the 2nS(σ) “likely” strings of or-
thogonal pure states, and gain the maximal yield of the
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distillable entanglement. It is shown that the informa-
tion entropy, the locally distinguishability of orthogonal
quantum states and the distillation of entanglement have
close links. Finally, we consider the generalization of the
links to general protocols briefly.
In this paper we will apply the following fact in many
cases.
Fact: Suppose Alice and Bob share a pair parti-
cles whose state is σ. The n copies of σ, σ⊗n, is a
mixture of mn pure states-strings, but there are only∏m
i=1 C
nλi
n−n
∑ i−1
j=0 λj
“likely” strings of orthogonal pure
states [10,16], such as, one of the “likely” strings
λ1n︷ ︸︸ ︷
|Φ1〉 · · · |Φ1〉
λ2n︷ ︸︸ ︷
|Φ2〉 · · · |Φ2〉 · · ·
λmn︷ ︸︸ ︷
|Φm〉 · · · |Φm〉, (3)
where we note λ0 = 0. In each of “likely” strings there
are λin pairs whose states are |Φi〉 . The probability that
each “likely” string occurs is
∏m
i=1 λ
nλi
i . It can be proved
that as n→∞ we have limits,
m∏
i=1
Cnλi
n−n
∑ i−1
j=0
λj
= 2nS(σ) (4)
and
m∏
i=1
λnλii
m∏
i=1
Cnλi
n−n
∑ i−1
j=0
λj
= 1, (5)
where S(σ) is the information entropy of σ
S(σ) = −
∑
i=1
λi lnλi (6)
It is to say that the sum of probability of all “likely”
strings tends to 1. So we only need consider the “likely”
strings as n→∞.
Any protocol for distillation of entanglement from n
copies of a mixed state σ, σ⊗n, can be conceived as suc-
cessive rounds of measurements and communication by
Alice and Bob. After N rounds of measurements and
communication, there are many possible outcomes which
correspond to many measurement operators {Ai ⊗ Bi}
acting on the Alice and Bob’s Hilbert space. Each of
these operators is a product of the positive operators and
unitary maps corresponding to Alice’s and Bob’s mea-
surement and rotations, and represents the effect of the
N measurements and communication. If the outcome i
occurs, the given state σ⊗n becomes:
A+i ⊗B+i σ⊗nAi ⊗Bi (7)
If the state σ is distillable, there must be at least an
element Ai ⊗Bi such that as n→∞
A+i ⊗B+i σ⊗nAi ⊗Bi → |Ψi〉 〈Ψi| , (8)
where |Ψi〉 is a pure entangled state in subspace Vi ⊗
Vi. The distillable entanglement of σ is the maximum
numbers, ED(σ) such that there exists a set of operations
as n→∞, we have limits [17]
ED(σ) = lim
n→∞
1
n
∑
i
piE(|Ψi〉), (9)
where E(|Ψi〉) is the entanglement of pure state |Ψi〉 ,
pi is the probability Alice and Bob carry out operation
Ai ⊗ Bi. One of the effects of Ai ⊗ Bi is to project out
the subspace on which the projection of σ⊗n is a pure
entangled state. We define the subspace as distillable
subspace (DSS) [9]. In general, there are many DSS in
the Hilbert space of n pairs as n→∞.
Definition: one by one measurement, the mea-
surement is one by one measurement if Alice and Bob
measure some pairs and only measure a pair particles at
one time.
Now we consider a protocol. The aim of the protocol is
to distinguish deterministically the 2nS(σ) “likely” strings
by Alice’s and Bob’s one by one measurements. To dis-
tinguish deterministically the 2nS(σ) “likely” strings, Al-
ice and Bob should exclude the possibility of the other
“likely” strings and keep only a string. In terms of in-
formation the procedure of distinguishing these “likely”
strings is to clear up the uncertainty of the n pairs par-
ticles, or get the nS(σ) bits information by rounds of lo-
cal unitary operations (LUO) and measurements each of
which will destroy some entanglement of each string. By
measuring some pairs Alice and Bob can divide the 2nS(σ)
strings into many strings-groups and then get some in-
formation of the n pairs. Each of the strings-groups can
be distinguished from others, since each of the groups
can be “indicated” by the product vectors of the mea-
sured pairs. For example, if σ is a Bell-diagonal states
Alice and Bob can measure a pair with product bases
|00〉 , |01〉 , |10〉 , |11〉 . Alice and Bob may get bases |00〉
and |11〉 with same probability (λ1 + λ2)/2. The bases
both |00〉 and |11〉 indicate the strings in which the state
of the measured pair is |Φ〉 ; Or Alice and Bob may get
bases |01〉 and |10〉 with same probability (λ3 + λ4)/2,
and both |01〉 and |10〉 indicate the strings in which the
state of the measured pair is |Ψ〉 . After measuring some
pairs each of the 2nS(σ) strings may be indicated by the
product vectors of the measured pairs and can be distin-
guished. If the 2nS(σ) can be distinguished we say that
Alice and Bob get the nS(σ) bits information.
Obviously, Alice and Bob should measurement n pairs
to get the nS(σ) bits information by measurement di-
rectly on n copies without the help of any LUO. Fortu-
nately, it is possible that Alice and Bob get the nS(σ)
bits information by measuring less than n pairs with the
help of a set of LUO acting on the all copies σ⊗n and
classical communication. So, in essence, the above pro-
tocol is to distinguish the 2nS(σ) strings by distinguishing
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the states of each measured pair with the help of LUO
and classical communications.
Suppose Alice and Bob need at least to measure (n−m)
pairs particles to get nS(σ) bits informations. After mea-
suring n − m pairs with the help of a set of local uni-
tary transformations, Alice and Bob can distinguish the
2nS(σ) strings and the entanglement of unmeasured pairs
in each string is kept. So they get a yield of entangle-
ment,
E′D =
mE(σ)
n
, (10)
where mE(σ) is the entanglement of kept pairs in a
string.
Operations to distinguish the states of a pair particles
can be achieved by measuring a pair with a set of product
vectors [3]. Suppose that Pj is the probability of Alice
and Bob getting the j’th product vector, and P
′
j is the
sum of the probability such that the j’th product vec-
tor indicates P
′
j2
nS(σ) “likely” strings. If Alice and Bob
get the j’th product vector, they keep P
′
j2
nS(σ) strings
and discard the others. In terms of information, they get
− lnP ′j bit information. We define − lnP ′j as distinguish-
able information (DI) which reflects on the contribution
to distinguish the “likely” strings when Alice and Bob get
the j’th product vector. If the j’th vector indicates a few
of the “likely” strings (or indicates a strings-group), not
all the “likely” strings, it presents nonzero DI, − lnP ′j ,
and makes a contribution to distinguish these “likely”
strings. If a vector indicates all the “likely” strings, it
presents no DI, which corresponds to inability to distin-
guish the “likely” strings. Only when the DI gained by
measuring some pairs is equal to the information entropy
of the 2nS(ρ) strings, nS(ρ), can these “likely” strings be
distinguished. Because all strings have same structure,
by the symmetry when n → ∞, Alice and Bob can get
the same DI from each measured pair.
Suppose that Alice and Bob have measured M pairs,
we consider a kind of outputs in which Mj pairs collapse
the j’th basis. The probability that Alice and Bob get
one of this kind of outputs is
∏
j
P
Mj
j ,
where M =
∑
j Mj. The number of these outputs is
∏
j
C
Mj
M−
∑ j−1
i=0
Mi
,
where M0 = 0. Each of these outputs results in
− ln∏j P ′Mjj bits informations. From the similar state-
ment as the Fact it follows that the “likely” outputs are
those in which MPj pairs collapse the j’th vector, and
the probability of all the “likely” outputs tends to 1 as
n → ∞. A “likely” output results in − ln∏j P ′MPjj bits
DI. When DI is equal to the information entropy of n
pairs, i.e.,
− ln
∏
j
P
′MPj
j = −M
∑
j
Pj lnP
′
j = nS(σ), (11)
Alice and Bob can distinguish the 2nS(σ) strings, and get
a yield
E′′D(σ) =
1
n
(n− nS(σ)
Id(σ)
)E(σ) = (1− S(σ)
Id(σ)
)E(σ), (12)
where Id(σ) = −
∑
j Pj lnP
′
j , is a average DI by measur-
ing a pair. If the maximal average DI is Idmax(σ), the
yield is
E′′′D (σ) = (1−
S(σ)
Idmax(σ)
)E(σ). (13)
The discussion above means that under one by one
measurement protocol Alice and Bob should measure
nS(σ)
Idmax(σ)
pairs at least to get a yield in Eq. (13). By
measuring nS(σ)
Id max(σ)
pairs Alice and Bob can get the all
“likely” outputs, each of which results in a yield in Eq.
(13). So the yield of entanglement in equation (13) is
the maximal yield under one by one measurement pro-
tocol, and is a lower bound of the distillable entangle-
ment. On the other hand, the above discussion shows
that under the one by one measurement protocol Alice
and Bob should measure nS(σ)
Idmax(σ)
pairs at least to dis-
tinguish deterministically the 2nS(ρ) “likely” strings, the
2nS(ρ) “likely” strings are distinguishable if and only if
the yield E′′′D (σ) in Eq. (13) is bigger than or equal to
zero, i.e.,
Idmax(σ) > S(σ). (14)
This shows a close link between the locally distinguisha-
bility of orthogonal quantum states and the distillation of
entanglement. This link is fit to all multi-partite states.
It is well known that there are a few of upper bound of
the distillable entanglement, such as the relative entropy
of entanglement [14]. Here we present a lower bound of
the distillable entanglement as Eq. (13). If the mixed
state σ is a Bell-diagonal state ρ, the maximal DI is not
less than 1 as shown in the Ref. [6,10], i.e.,
Idmax(ρ) > 1. (15)
Given that E(ρ) in Eq. (13) is equal to 1, we can get
a lower bound of the distillable entanglement of a Bell-
diagonal state ρ,
ED(ρ) > 1 − S(ρ)
Suppose that the mixed state σ is a multiple copies of
four Bell states [18], i.e.,
3
σ = ρ(n) =
1
4
4∑
i=1
(|Φi〉 〈Φi|)⊗n,
where |Φ1,2〉 = |Φ±〉 ; |Φ3,4〉 = |Ψ±〉 . Because a copy of
four Bell states provides at least 1 bit DI, the following
inequality should hold
Idmax(ρ
(n)) > n. (16)
Given that E(ρ(n)) in Eq. (13) is equal to n, and
S(ρ(n)) = 2, we can get a lower bound of the distillable
entanglement of a Bell-diagonal state ρ(n),
ED(ρ
(n)) > n− 2. (17)
On the other hand, the relative entropy of entanglement
of ρ(n) is equal to n− 2, as shown in the Ref. [18], so we
follow that ED(ρ
(n)) = n− 2.
The example above shows that the Eq. (13) may be
useful to calculate the distillable entanglement or the
lower bound of the distillable entanglement. But the nov-
elty of the Eq. (13) is to show the close relation among
the distillation of entanglement, the local distinguisha-
bility of orthogonal quantum states and the information
entropy.
Now we would like to discuss the more general protocol
briefly. To distinguish the 2nS(ρ) “likely” strings, Alice
and Bob should do rounds of measurements and classical
communication. The effect of these measurements and
classical communication can be represented as a set of
operators {Ai ⊗ Bi}. If the output is i Alice and Bob
know they have got the i′th string with certainty, i.e.,
Ai ⊗Bi |stringi〉 = |string′i〉 ; (18)
Ai ⊗Bi |stringj〉 = 0, for i 6= j,
where |stringi〉 is the state of i′th “likely” string;
|string′i〉 is the state after Ai⊗Bi acts on the |stringi〉. If
the state |string′i〉 s is an entangled state Alice and Bob
get a yield of entanglement, so the operators {Ai ⊗ Bi}
also work for the distillation of entanglement. On the
other hand, if σ is distillable, as shown in equation
(8) there must be elements Ai ⊗ Bi such that as n →
∞, A+i ⊗ B+i σ⊗nAi ⊗ Bi → |Ψi〉 〈Ψi| . Each operator
Ai ⊗ Bi projects out the pure entangled state |Ψi〉 . If
|Ψi〉 belongs to only a string, the operations {Ai ⊗ Bi}
for the distillation of entanglement also work for the local
distinguishability of the “likely” strings.
To discuss the generalization of the E.q (13) to more
general cases, we should consider two questions: 1.
Whether a general measure for the distillation of entan-
glement can be carried out by many one by one measure-
ments or not; 2. It is possible for Alice and Bob to distill
a pure entangled state |Ψi〉 from the 2nS(ρ) strings but
not to distinguish each string, so we should revise the
E.q (13). How to revise it? Although the two questions
are still open questions, we believe there are some states
the distillable entanglement of these states can be gained
from the E.q (13).
In summary, the transformation of information in the
distillation of entanglement and the locally distinguisha-
bility of orthogonal quantum states plays an important
role. In terms of information one can get a general link
between the distillation of entanglement and the distin-
guishability of orthogonal quantum states. This link may
be useful to calculate distillable entanglement or get a
lower bound of distillable entanglement, and understand
the essence of entanglement [19].
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